We consider a gedanken experiment of the scattering of a current j = − 1 4 F i µν F i µν off a large nucleus to study the gluon saturation at the small-x limit and compute the Sudakov factor of this process through a one-loop calculation. The differential cross section is expressed in term of the Sudakov resummation, in which the collinear and the rapidity divergences are subtracted. We also discuss how to probe the Weizsäcker-Williams (WW) gluon distribution in the process of photon pair production in the pA collisions.
I. INTRODUCTION
Saturation physics [1, 2] has been one of the most interesting topics in high energy nuclear physics corresponding the small-x physics. It describes the rapid rise of parton distributions at very high energy [3, 4] . In addition, by including the non-linear evolution [5] [6] [7] dynamics when the gluon distribution becomes order 1/α s , parton distributions start to saturate as the scattering amplitude approaches unitarity. There are many phenomenological models to describe the dynamics inside the nucleuses in small-x physics, the semi-classic model named color glass condensate (CGC) has been widely used to describe the dynamics inside the nucleus in the small-x physics [8] .
The Sudakov resummation has been widely used in various high energy physics processes [9] [10] [11] , in the meantime, the small-x logarithms α s ln 1/x g are also important, and normally resummed through small-x evolution equations. It has been demonstrated that Sudakov type large logarithms and small-x type logarithms can be resummed independently in various physics processes, for example, the Higgs production and dijet in pA collisions [12, 13] .
The so-called Weizäcker-Williams (WW) gluon distribution [14] [15] [16] [17] , which is the genuine gluon distribution, only appears in the observables if the initial or the final state interaction is absent in the inelastic scattering of the gluonic current on a nucleus target. For example, in the photon pair production in pA collisions, where the final interaction is absent, the WW gluon distribution appears.
The objective of this calculation is to investigate the DIS of the gluonic current off a large nucleus and the photon pair production in pA collisions. The common feature of these two processes is that they are both involving the so-called WW gluon distribution at small-x limit. This paper can be considered as a supplementary study of the Ref. [13] .
The paper is organized into five sections, we start with introduction, The section II is about the leading order of DIS of gluonic current off a large nucleus. The details of calculation of the Sudakov factor will be presented in section III, we discuss how to probe the WW gluon distribution in the process of photon pair production in pA collisions in section IV, in section V, we conclude with discussions on Sudakov resummmation and WW gluon distribution.
II. LEADING ORDER IN DIS OF CURRENT OFF A LARGE NUCLEUS
First, we consider a gedanken experiment of deep inelastic scattering (DIS) of the gluonic current of j(
µν (x) off a large nucleus at the leading order [2, 18] , where F i µν (x) is the QCD field strength tensor. This current is chosen because it is easy to study the WW gluon distribution in this process. The feynman diagram of DIS of the gluonic current off a large nucleus is in Fig. 1 , the momentum of the gluonic current is q, we can treat the current as a scalar particle, the momentum square of the current satisfies q 2 = −Q 2 , and the virtual mass of the current is M = iQ, the notation of q in the light cone gauge is
We define k as momentum of the final state produced gluon(the horizontal gluon in Fig. 1 ), P as momentum of the large nucleus, p as momentum of the outgoing gluons(vertical gluons in Fig. 1 ) from the target nucleus. In this calculation, we assume that the plus component of q and minus component of P both are large. We define p h as momentum of the final state hadron, y as the rapidity of final state hadron, and
We can calculate the differential cross section by transverse momentum dependent(TMD) factorization [16, 19] , it reads
where
is the WW gluon distribution in the coordinate space, it is defined as
the fundamental Wilson line is defined as
, which has been integrated by z 1 . The σ 0 is the leading-order of the gluon production, and it reads σ 0 ∝ 1/4g
The kinematics of DIS of the gluonic current off a large nucleus target at leading-order satisfies
where s = 2P · q, and x g is longitudinal momentum fraction of the outgoing gluons to the nucleus target, we as-
In addition, throughout this paper, we use leading power approximation, therefore, we neglect higher order power correction of order k 2 ⊥ /Q 2 .
III. SUDAKOV FACTOR IN DIS OF CURRENT OFF A LARGE NUCLEUS
Now, we consider one-loop order of the process of DIS of current off a large nucleus, with the help of formalism of dipole model [20] , it is more convenient to do the calculation in coordinate space. In order to calculate the amplitude in coordinate space, some types of splitting functions are introduced at first, such as Ψ g→gg (ξ, u ⊥ ) , Ψ g→qq (ξ, u ⊥ ) and Ψ j→gg (ξ, u ⊥ ) [13, 19] .
The j → gg splitting function in momentum space and coordinate space are
and
respectively, here ξ and 1 − ξ are fractions of the longitudinal momentum of the radiating gluons, ǫ
⊥ and ǫ
are polarizations of the radiating gluons, and K(ǫ f u ⊥ ) is defined as
Because the scattering energy in the collisions is very high, the interaction time of multiply scattering is so short that the radiating gluon is either before or after the multiply scattering. The process that radiating gluons
Radiating gluon happens between the multiply scattering, this process is neglected because the time for multiply scattering between the produced gluon and nucleus target is too short in the high energy limit.
happens between the multiply scattering as illustrated in Fig. 2 can be neglected. On the other hand, this diagram will be important when we have very large target, while the scattering energy is not high.
The feynman diagrams of DIS of gluonic current off a large nucleus at one-loop order are described in Fig. 3 and Fig. 4 . Fig. 3 depicts the real feynman diagrams, Fig. 4 illstrates the virtual feynman diagrams. We firstly study the real diagrams, we can see that the radiating gluon is after the multiply scattering in graph (a) in Fig. 3 , the radiating gluon is before the multiply scattering in graph (b) in Fig. 3 . The differences between them result different contributions in leading power approximation. As discussion in Ref. [13] , in the case of k 2 ⊥ ≪ Q 2 , from Eq. (6), we can see that the value of splitting function Ψ j→gg (ξ, k ⊥ ) is suppressed when ξ = 1. We can see that the graph (b) in Fig. 3 which radiating gluon is before the multiply scattering is leading power suppressed, because the splitting function is Ψ j→gg (ξ, k ⊥ ). Thus, the contributions of square of graph (b) and the interference of graph (a) and (b) in Fig. 3 are power suppressed, the contribution of the square of graph (a) in Fig. 3 is the only real leading power contribution.
The differential cross section of square of graph (a) in Fig. 3 can be cast into
where l 1 and l 2 are momentum of the outgoing gluons of graph (a) in Fig. 3 . The fraction ξ is defined as ξ = l
The range of variable τ is z 1 < τ < 1, where
The real diagrams of deep inelastic scattering of the current off a large nucleus at one-loop order.
are defined as
, using these relationships, we can change the integral variables in the phase space integral, after some algebraic derivations, we get
into Eq. (10), we get
We can see that the first line of Eq. (12) is proportional to the leading power differential cross section, which should be factorized out. The integral of the second line of Eq. (12) contains various types of divergences. In order to obtain the Sudakov logarithms terms, we should subtract these divergences. These divergences include rapidity divergence, collinear divergence, and other divergences. The rapidity divergence associates with the WW gluon distribution of the large nucleus target [17] , and the collinear divergence associates with the fragmentation function of the final hadron [21] , other divergences should be cancelled by virtual loops. It is necessary to subtract these divergences in order to obtain the Sudakov logarithms terms. Firstly, we can subtract the collinear divergence using the plus function. We can rewrite the second line of Eq. (12) as
where we use M S scheme, it is part of the splitting function. Then, we are going to calculate the integral of the second line of Eq. (13). According to momentum energy conversation, we can get the kinematics of graph (a) in Fig. 3 as follows
In ξ → 1 limit, we get
Now, the last integral of the second line of Eq. (13) can be written as
Back to Eq. (5), we get x g → 0, as s → ∞, ln 1/x g is divergent. In small-x physics, the product of α s and ln 1/x g is resummed through the small-x evolution equation of the WW gluon distribution. Thus the first logarithm term of Eq. (17) should be separated out from Sudakov resummation, and it should be absorbed into the renormalization of the WW gluon distribution [17] . The evolution equation of the WW gluon distribution is
where K DMMX is the kernel of the small-x evolution equation. Besides these two divergences, the integral of the second logarithm term of Eq. (17) contains other divergences, which can be cancelled by contributions of virtual loops, we can write the integral of the second logarithm term of Eq. (17) as
where the integral dimension has been changed from 2 to 2 − 2ǫ. Using the formulas in Appendix of Ref. [13] , we obtain the contribution of square of graph (a) in Fig. 3 α s N c π
where c 0 = 2e −γE , γ E ≈ 0.5772 is Euler constant. There are three kinds of virtual graphs in the DIS of current off a large nucleus as described in Fig. 4 , the graph (c) in Fig. 4 is the gluon self-energy diagram, the graph (e) in Fig. 4 is the quark self-energy diagram. We begin with the calculation of the virtual graph (d) in Fig. 4 , and find
After lengthy calculations, where we only keep the leading power contribution, we get the contribution of graph (d) in Fig. 4 after factoring out the leading order contribution, We can see that π 2 /2 in brackets is absent in Eq. (22) comparing to Eq. (49) of Ref. [13] since this process is space-like. Adding Eq. (20) and Eq. (22) together, we can get the Sudakov double logarithm term
Next, we calculate the contributions of graph (c) and graph (e) in Fig. 4 , the differential cross section of graphs (c) in Fig. 4 can be cast into
the differential cross section of graph (e) in Fig. 4 can be cast into
where N f is the number of quark flavors and T f = 1 2 . The splitting function of Ψ g→qq (ξ, u ⊥ ) can be found in Ref. [19, 21] and the sum of the splitting function is
The sum of graph (c) and (d) in Fig. 4 gives
where β 0 is (11 − 2N f )/12N c . We can see that there are two divergences in Eq. (27), infrared divergence and Ultraviolet divergence, they should be subtracted in Sudakov resummation. The term of Ultraviolet divergence
is absorbed into the renormalization of the coupling constant α s . The infrared divergence and the contribution of Eq. (14) are absorbed into the fragmentation function of the final state hadron [21] as follows
After subtracting these two divergences, we can get the single logarithm term of the Sudakov factor as follows
where we set the factorization scale µ 2 = c 2 0 /R 2 ⊥ . Adding the double and single logarithms terms together, we get the Sudakov factor of DIS of a current off a large nucleus at one-loop order
At the end of the day, assuming the exponentiation of one-loop result, we can write down the differential cross section of DIS of a gluonic current off a large nucleus at one-loop order including Sudakov factor as
IV. PHOTON PAIR PRODUCTION IN pA COLLISIONS
Two kinds of gluon distributions are introduced in Ref. [19] . The first gluon distribution is WW gluon distribution which we have mentioned, the second one is dipole gluon distribution, which is fourier transform of the dipole cross section. They are different in many ways, the WW gluon distribution only contains initial or final interaction, the dipole gluon distribution contains both initial and final interaction. The WW gluon distribution can be interpreted as the number density of gluons in the light-cone gauge, but the diploe gluon distribution has no such interpretation. They appear in different physics processes.
Let's consider the process of pA → γγ + X, which is described in Fig. 5 , The left graph in Fig. 5 is the feynman diagram at leading-order , the right graph in Fig. 5 is the feynman diagram at one-loop order, there are five other feynman diagrams similar to each diagram, and they are omitted. k 1 and k 2 are the momentum of the two observed photons, q p is the momentum of the incoming gluon from proton, p A is the momentum of the outgoing gluons from nucleus target. As we see from the feynman diagram, there is only initial interaction in the process of pA → γγ + X, thus, the involving gluon distribution is WW gluon distribution. In this process, we assume that the observed two photons are radiated back-to-back, and have large transverse momentum. We define q ⊥ = |k 1⊥ + k 2⊥ | and P ⊥ = |k 1⊥ − k 2⊥ |/2, and assume that
Thus, we should only keep the contribution which is not suppressed by term of q 2 ⊥ /P 2 ⊥ when we are calculating the Sudakov factor for this process.
Following the same strategy as in Ref. [19] , we can compute the Sudakov contribution at the one-loop order. Eventually, the differential cross section of pA → γγ + X can be cast into
where y 1 and y 2 are the rapidities of the two outgoing photons, the x p f (x p ) is the collinear gluon distribution of the proton. dσ gg→γγ /dt is the hard part of gg → γγ [22] [23] [24] , the explicit expression of the hard part can be found in Table 2 of Ref. [22] . The Sudakov double logarithm in this process is the same as the one of Higgs production in pA collisions, which is
when we calculate the Sudakov double logarithms term.
In this process, we only keep x g small. Since x p x g s ≈ P 2 ⊥ , x p is large, thus, x p f (x p ) can be obtained by database. If the differential cross section of pA → γγ +X is measured by experiment, we can gain the information of the WW gluon distribution
It is an interesting way to study the WW gluon distribution at the LHC and RHIC.
There is another channel of the photon pair production in pA collisions, the incoming particles from the proton and nucleus are not gluons, but quark and antiquark, the hard part of the channel is H qq→γγ . When the scattering energy is high, the quark and antiquark distributions are much smaller than the gluon distributions, thus, the channel of→ γγ can be neglected in photon pair production in pA collisions.
V. CONCLUSION
In summary, we consider two physics processes involving WW gluon distribution. The first process is the DIS of current off a large nucleus, and the second one is the photon pair production in pA collisions. The WW gluon distribution in the DIS of current off a large nucleus only contains final interaction, the WW gluon distribution of the photon pair production in pA collisions only contains initial interaction.
Based on the leading power approximation, we have calculated the Sudakov factor in DIS of gluoic current off a large nucleus at one-loop order. The contributions from many real and virtual graphs are power suppressed under the leading power approximation, and they are neglected in the calculation. In the calculation, we find that there are various types of divergences at one-loop order, the divergences must be separated out from the Sudakov resummation. The collinear divergence is absorbed into renormalization of the fragmentation function of the final state hadron, the rapidity divergence is absorbed into the renormalization of the WW gluon distribution, the UV divergence is absorbed into the renormalization of coupling constant. After subtracting the divergences, we get Sudakov factor which include double and single logarithms terms. Finally, we get differential cross section of DIS of gluonic current off a large nucleus including the Sudakov factor at one-loop order.
We also consider the process of photon pair production in pA collisions, where the final interaction is ab-sent in this process. Thus, the involving gluon distribution is the WW gluon distribution. Based on the TMD-factorization, we get differential cross section expression including the Sudakov factor at one-loop order. It is suggested that if the differential cross section is measured at the LHC and RHIC, the WW gluon distribution S W W (x ⊥ , x ′ ⊥ ) may be extracted from the experimental data.
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